The problem of the number of isomorphism classes of analytic, nonborelian subsets of Polish spaces seems to be unsolved. In [1] , A. Maitra and C. RyllNardzewski show that (i) any two universal analytic sets are isomorphic, and (ii) if A is an analytic set whose complement is uncountable and does not contain a perfect set, then A is not in the isomorphic class of the universal analytic sets.
In this note we give some corollaries of the techniques employed in [1] , and recount their main argument in Theorem 1.
First, let us set some notation. The unit interval will be denoted by / and A will denote an analytic subset of / whose complement is uncountable and does not contain a perfect set. The existence of such a set is implied by Gödel's Axiom of Constructibility [2] . The «-fold product of A with itself is denoted by A". The symbol U will denote a universal analytic subset of I X I. The dyadic rationals are denoted by F0. The binary sieve of Lebesgue is used throughout this paper [3, p. 34] .
In this note, we show that no two of the following sets are isomorphic:
A, IX A, and U. We show that U and A", « > 1, are not isomorphic. Also, A and A", n > 1, are shown to be nonisomorphic.
Results.
Theorem \. If B is an analytic subset of a Polish space S and uncountably many of the constituents of B with respect to some sieve are uncountable, then B is not isomorphic to A.
Proof. Let {Ca)a<u be the constituents of S -B [3, p. 499] with respect to some sieve so that uncountably many of the Ca's are uncountable. Now, suppose <#> is a Borel isomorphism of A onto B. We may suppose Z, is a Borel subset of /, Zx 2 A, Z2 is a Borel subset of S, Z2 3 B and <i> has been extended to a Borel isomorphism of Zx onto Z2 [3, p. 436] .
There is an ordinal a0, a0 < co,, such that S -Z2 E Uo<a Cg. Fix ax > a0 such that Ca is uncountable. Then Ca Q Z2 -B and <j>~ (Ca ) is an uncountable Borel set lying in Z, -A. Contradiction. Then B = Ùa<c,oCa is a Borel subset of / X / and B Q (I x I) -(A X A). Thus, U2(B n (A X I)), the projection of B n (A X I) into the second axis, is an analytic subset of / disjoint from A. Thus, D2 = H2(B n (A X I)) is countable. Similarly, Dx = 11,(5 n (I X A)) is countable.
Thus, K = B -[(Dx XI) U (/ X D2)] is a Borel set lying in A' X A'. From this it follows that E = Ylx(K) is countable.
Let x E I -(A U Dx U E). Then [x) X (I -D2) is a Borel set lying in
For some y0, y0 < co,, [x) X (I -D2) C UaQ<a<yoCa. Thus, some Ca, with a0 < a < y0 must be uncountable. Therefore, uncountably many of the constituents of A X A are uncountable and Corollary 2 now follows from Theorem 1. This answers a problem stated by S. Ulam on p. 10 of his problem book [4] assuming the existence of such a set as A. This type of problem is also raised by J.P.R. Christensen in his book [7, pp. 46-47] and answers some of the problems posed there by him.
We shall now demonstrate a property which the sets A*, n > 1, have with respect to any Polish space in which they are embedded, which prevents them from being isomorphic to U. Proof. The proof proceeds by induction. First, let us show this for « = 2: Again let L be a sieve of Borel sets such that A is the set sifted by L. Let {Ca)a<u be the constituents of A' with respect to the sieve L. The sets Ca are countable.
Let 82 = {(Ca XI) U (/ X Cj: a < co,}; S2 is a family of N, subsets of I2 -A2 and clearly each set in § is an Fa set. If B is an analytic set sitting in I2 -A2, then there is an ordinal a0 such that Dx U D2 G Uo<a Co, where Dx = n,(F n (IX A)) and D2 = IT2(F n (A X /)). Thus, K=B-[(Dx X I) U (I X D2)] is an analytic set lying in A' X A'. Therefore, there is an ordinal «,, a0 < ax < co,, so that II, (F) C Uo<a Q, ; = 1, 2. It follows that F is covered by {(Ca XI) U (IX Ca): a < a,}. Now, let us suppose the existence of such a family §n has been shown for the positive integer «, n > 1.
Let S"+, = {(/" X CJ U (FX /): a < co, and F G §"}. Clearly, |S"+, | = N, and each set in Sn+, is an Fa set. That @n+x has the required covering property may be shown by an argument similar to that given for the case « = 2. Let x be a point of II,(K) such that the fibre of F over x, Kx, is a Borel subset of /, but not of additive class y + 2. Let F = (Z2)x -Kx. Let {//"}^°=, be a sequence of sets from § such that <f~ (T) G U'j?=xHn. Then W = <p(U Hn) is of additive class y in / . Since (/ -Z2)x is of additive class y + 1 in I, Wx U (I2 -Z2)x -I -Kx is of additive class y + 1 in F Therefore, Kx is of additive class y + 2 in /. This contradiction proves the theorem.
Corollary
3. For each n, « > 1, the set A" is not isomorphic with U. Also, the sets I X A and U are not isomorphic.
Proof. That A" and U are not isomorphic follows immediately from Theorems 2 and 3 and the fact that all Borel subsets of / appear as vertical sections of U. That IX A and U are not isomorphic follows from Theorem 3 and the fact that there is a collection G of N, subsets of I2 -(I X A) satisfying the hypothesis of Theorem 3. (This is indicated in the proof of Corollary 1.)
Finally, let us note that the methods used in this note to show that two analytic sets are not isomorphic involve an analysis of the structure of the complements of these sets in any Polish space in which they are embedded. There are, however, two intrinsic invariants of the isomorphism classes of analytic sets. They are put forth in the following theorems.
